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preliminary

adjective

Definition of preliminary : coming before and
usually forming a necessary prelude to
something

elsepreliminary studiespreliminary results

MaTemaTnyke npennmmHapuje

= MaTtemaTunyka MHAOYKLW]a

History and Etymology for preliminary

Noun

French préliminaires, plural, from Medieval
Latin praeliminaris, adjective, preliminary,
from Latin prae- pre- + limin-, limen threshold
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1.2.1. Mathematical Induction

Let P(n) be some statement about the integer n; for example, P(n) might be
“n times (n + 3) is an even number,” or “if n > 10, then 2" > n?" Suppose we
want to prove that P(n) is true for all positive integers n. An important way to
do this is:

a) Give a proof that P(1) is true.

b) Give a proof that “if all of P(1), P(2),..., P(n) are true, then P(n + 1) is
also true”; this proof should be valid for any positive integer n.



As an example, consider the following series of equations, which many people
have discovered independently since ancient times:
1=1%
1+3=2%
1+3+5=2%
14+34+5+7=42%
14+3+5+7+9=5% (1)

We can formulate the general property as follows:

143+ +(2n-1)=n’ (2)



[1oKkasyjemo:

1. p(1)je TayHo.
2. Wmnamkaugmja p(n) - p(n+1) je Ta4yHa 3a cBaKu
No3MTMBaH Leo bpoj n.




1
. p(l)jer
1=12 d4yHO.




1. p(1)je TauHo.
1=12

2. Mmnaukaymja p(n) = p(n+1) je TauHa 3a cBaKM
NO3UTUBAH Leo 6poj n.
1+3+..+(2n-1)=n2
1+43+.+@n-1)+2n+1)=




1. p(1)je TauHo.
1=172

2. Wmnaukaymja p(n) - p(n+1) je TauHa 3a cBakM
No3UTUBAH Leo 6poj n.
1+3+..+(2n-1)=n2
1+34+..+2n-1)+2n+1)=
n*+2n+1=




1. p(1)je TauHo.
1=12

2. Mmnaunkauymja p(n) - p(n+1) je TauHa 3a cBakM
NO3UTUBAH LLeo 6poj n.
1+3+..(2n-1) =n
1+3+..(2n-1)+2n+1) =
n‘+2n+1=(n+1)*%, qed.

























6. [20] Prove that if Egs. (6) hold before step E4 is performed, they hold afterwards
also.
7. [23] Formulate and prove by induction a rule for the sums 1%, 2% —1? 32 - 22 +1%
42 —32+22—12, 57 42 + 3% - 22 + 1? etc.
> 8. [25] (a) Prove the following theorem of Nicomachus (A.D. c. 100) by induction:
13=1,22=3+45,33=7+9+11,4% =13+ 15+ 17 + 19, etc. (b) Use this result to
prove the remarkable formula 1° +2° 4+ ---+n® =(14+2+--- +n)

[Note: An attractive geometric interpretation of this formula, suggested to the author
by R. W. Floyd, is shown in Fig. 5. The idea is related to Nicomachus’s theorem and
Fig. 3. Other “look-see” proofs can be found in books by Martin Gardner, Knotted
Doughnuts (New York: Freeman, 1986), Chapter 16; J. H. Conway and R. K. Guy,
The Book of Numbers (New York: Copernicus, 1996), Chapter 2.]

Side = 5+5+5+5+5+5=5-(5+1)

Side = 5+4+3+2+1+1+2+3+4+5 |
=2(1+2+---+5)

Area=4-12+4.2-22+4-3-32+4.5.5%
=4(1°+2°+... +5°%) I

Fig. 5. Geometric version of exercise 8(b).

9. [20] Prove by induction that if 0 < a < 1, then (1 —a)" > 1 — na.
10. [M22] Prove by induction that if n > 10, then 2" > n®.
11. [M30] Find and prove a simple formula for the sum

3 3 3 _1)n 3
D s = o

[Npey3eTo ca
https://doc.lagout.org/science/0_Computer%20Science/2_Algorithms/The%20Art%200f%20Computer%20Programming
%20(vol.%201_%20Fundamental%20Algorithms)%20(3rd%20ed.)%20%5BKnuth%201997-07-17%5D.pdf



» 8. [25] (a) Prove the following theorem of Nicomachus (A.D. c. 100) by induction:
13=1,22=3+5,33=7+9+11,4% =13+ 15+ 17 + 19, etc. (b) Use this result to
prove the remarkable formula 1° +2° + ... +n®> = (1+2+--- + n).



» 8. [25] (a) Prove the following theorem of Nicomachus (A.D. c. 100) by induction:
13=1,22=3+53=749+11,4° =13+ 15+ 17+ 19, etc. (b) Use this result to
prove the remarkable formula 1° +2° +.-- +n* = (1+2+--- +n)

a,=n(n—-1D+1+nn-1)+3+...+n(n—1)+2n-1=n3;

ap=nn—1)+2n+1+nn—-1)+2n+3+...+n(n—-1)+2n+2n-1+n(n—-1)+2n+2n+1=
nm—1)+2n+1+nn—-1)+2n+3+...+nn—-1)+2n+2n-1+nn—-1)+2n+2n+1=
n+2nm+1D+nn—-—1D+2n+2n+1=
n3+2n2+2n+n%?-n+2n+1=
n3+3n2+3n+1=
(n + 1)3, ged.



» 8. [25] (a) Prove the following theorem of Nicomachus (A.D. c. 100) by induction:
13=1,22=3+4+53=7+9+11,4% =13+ 15+ 17+ 19, etc. (b) Use this result to
prove the remarkable formula 13 + 23 +---+n® = (1+2+--- +n)%.

(b)

13 =1,

23=3+35,
33=74+9+11,

43 =134+154+17 + 19,

n=nn-1)+14+nn-1)+3+...+n(n—1)+2n-1.



- » 8. [25] (a) Prove the following theorem of Nicomachus (A.D. c. 100) by induction:

13=1,22=3+53=7+9+11,4% =13+ 15+ 17+ 19, etc. (b) Use this result to
prove the remarkable formula 1* +2° +---+n® = (1+2+--- +n)%.

(b)
134 234334434+ ... +n3=

1+345+7+9+11+13+15+17+19+..+n(n—-1)+14+n(n—-1)+3+...+n(n—1)+2n-1=

n(n+1) .
(n+1
; (1 +n(m-1)+2n-1) = (“ nz )) .
2
(1+24+ ..+n)?= (n(n;l)) :



- » 8. [25] (a) Prove the following theorem of Nicomachus (A.D. c. 100) by induction:

13=1,22=3+53=7+9+11,4% =13+ 15+ 17+ 19, etc. (b) Use this result to
prove the remarkable formula 1* +2° +---+n® = (1+2+--- +n)%.

(b)
1P+ 2243 +4°+ .. +n’=

1+3+5+7+9+11+13+15+17+19+..+n(n—-1)+1+n(n—-1)+3+...+n(n—-1)+2n-1=

n(n+1) (+1)2
nn
; -(1+n(n-1)+2n—1)=( > )
— 1+ 25+ +n3=0+2+ ..+n)>.
2
(1+2+ ..+n)? (n(n+1))
T N)T = .
2
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[Note: An attractive geometric interpretation of this formula, suggested to the author
by R. W. Floyd, is shown in Fig. 5. The idea is related to Nicomachus’s theorem and
Fig. 3. Other “look-see” proofs can be found in books by Martin Gardner, Knotted
Doughnuts (New York: Freeman, 1986), Chapter 16; J. H. Conway and R. K. Guy,
The Book of Numbers (New York: Copernicus, 1996), Chapter 2.]




[Note: An attractive geometric interpretation of this formula, suggested to the author
by R. W. Floyd, is shown in Fig. 5. The idea is related to Nicomachus’s theorem and
Fig. 3. Other “look-see” proofs can be found in books by Martin Gardner, Knotted
Doughnuts (New York: Freeman, 1986), Chapter 16; J. H. Conway and R. K. Guy,
The Book of Numbers (New York: Copernicus, 1996), Chapter 2.]

4 = CTpaHuuUa KBaapaTa =

3 5+5+5+5+5+5=5-(5+1);

= (CTpaHuua KBagpaTta =

5+44+3+2+1+1+2+3+4+5=

2:(1+2+3+4+5);




[Note: An attractive geometric interpretation of this formula, suggested to the author
by R. W. Floyd, is shown in Fig. 5. The idea is related to Nicomachus’s theorem and
Fig. 3. Other “look-see” proofs can be found in books by Martin Gardner, Knotted
Doughnuts (New York: Freeman, 1986), Chapter 16; J. H. Conway and R. K. Guy,
The Book of Numbers (New York: Copernicus, 1996), Chapter 2.]

= CrpaHuua KBagpaTa =
5+44+3+2+1+1+2+3+4+5=
2:(1+2+3+4+5);

= [loBplnHa KBagpaTa =

2-(1+2+3+4+45)-2-(1+2+3+4+5)=

4-(142+3+4+5)>%

" nOBpLLIMHa KBajpaTa =

4.1%24 4-2-22+4.3.3%24+4.4-424+4.5.52=

4-(13+2%+3%3+43+53);



[Note: An attractive geometric interpretation of this formula, suggested to the author
by R. W. Floyd, is shown in Fig. 5. The idea is related to Nicomachus’s theorem and
Fig. 3. Other “look-see” proofs can be found in books by Martin Gardner, Knotted
Doughnuts (New York: Freeman, 1986), Chapter 16; J. H. Conway and R. K. Guy,
The Book of Numbers (New York: Copernicus, 1996), Chapter 2.]

= [loBplwKHA KBagpaTa =

4-12+ 4-2-22+4-3-32+4-4-42+4.5.5%2=

4-(13+23 433 +43 +53);

= [loBplWMKNHA KBagpaTa =

2:(1+2+3+4+5)-2-(1+2+3+4+5)=

AERE 4-(1+2+3+4+5)72.

.
l

13+23433+43+535=(1+2+3+4+5)2
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